CLEARINGHOUSE  FOR  FEDERAL  SCIENTIFIC  AND  TECHNICAL  INFORMATION  CFSTI 

DOCUMENT  MANAGEMENT  BRANCH  4l0  II 


LflTATiC^S  'N  REPRODUCTION  QUALITY 


ACCESSION 


□  l  WE  REGRET  THAT  LEGIBILITY  OF  THIS  DOCUMENT  IS  IN  PART 
t“~'  UNSATISFACTORY  REPRODUCTION  HAS  BEEN  MADE  FROM  BEST 
AVAILABLE  COPY 


Q  2  A  PORTION  OF  THE  ORIGINAL  DOCUMENT  CONTAINS  FINE  DETAIL 
WHICH  MAY  MAKE  READING  OF  PHOTOCOPY  DIFFICULT 


0  3  THE  ORIGINAL  DOCUMENT  CONTAINS  COLOR  BUT  DISTRIBUTION 

COPIES  ARE  AVAILABLE  IN  BL  ACK  -  AN  0 -WHITE  REPRODUCTION 
ON'  Y 


0  4  THE  INITIAL  DISTRIBUTION  COPIES  CONTAIN  COLOR  WHICH  WILL 
BE  SHOWN  IN  BLACK  AND  WHITE  WHEN  IT  IS  NECESSARY  TO 
REPRINT 


0  5  LIMITED  SUPPLY  ON  HAND  W HEN  E XH  AUSTE  D  DOCUMENT  WILL 

BE  AVAILABLE  IN  MICROFICHE  ONLY 


0  6  LIMITED  SUPPLY  ON  HAND  WHEN  EXHAUSTED  DOCUMENT  WILL 
NOT  BE  AVAILABLE 


0  T  DOCUMENT  IS  AVAILABLE  IN  MICROFICHE  ONLY 


□  8  DOCUMENT  AVAILABLE  ON  LOAN  FROM  CFSTI  (  TT  DOCUMENTS  ONLY) 


□  « 


NBS  9  64 


PROCESSOR 


604228 


PASSAGE  OF  STATIONAKT  PROCESSES  THK0U3H  LINEAR 


ANi;  NON-LINEAR  LEV1CES 


A.  J.  F.  Siogert 

P-U19  . 

29  October  1953 


HARD  COPY 
MICROFICHE 


Of 


f. 

J. 


D  D  C 

ir?rer?nn/K?i 

AUG  1  J  1W4 

UDli^lSU  V  LSI 

DOC  IRA  C 


-76 


MOD 


(?oi,pa,ux(i6« 


'00  Mill)  J  T  .  1  A  N  !  A  M  o  N  I  f  *  •  f  A  l  »OINI» 


P-419 

10-29-^3 


PASSAGE  ('F  STATITNAR  i  PROCP.oS.nS  THROUGH  LINLaR 
AKL  NON-LI  NEAR  DEVICES1^ 

A.  J.  F.  Siejjert 

2) 

Department  of  Physics,  Northwestern  University 

and 

The  RAKD  Corporation 


Abstract 


Many  problems  in  the  theory  of  noine  and  other  random  functions 
can  be  formulated  as  the  problem  of  finding  t  e  probability  distribution 
of  the  functional 


u 


R(t')  V  (x(t'))dt 


I 


where  K(t)  and  V(x)  are  k:i-  -wn  functions  anti  x(t)  is  m  random  function 
of  known  statistical  properties.  The  problem  of  finding  the  probability 
di3trl  bution  of  the  noise  output  of  a  receiver  consisting  of  a  filter, 
a  detector,  and  a  seccnd  filter  ie  of  tnia  tyne.  Methods  will  dam 
discussed  w.ich  hare  led  to  solutions  of  t.nit  roblen:  in  sorao  epecial 
cases.  In  the  case  of  rui f  1  d  i  me  ns  1  Ona  1  ly  Markofftan  xit;  the  problem 
vill  be  shovn  to  i<e  ejuivalent  tc  nr  integral  eruatii  n,  wnich  in  many 
cases  of  interest  reduces  to  a  differential  equation. 
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1.  Prerequisites  to  an J  theory  of  si  *nal  detection  lr  the 

presence  of  noise  are  the  dl  stri  b  ut  i<~>n  of  obeervable  values  in  the 
presence  of  noite  and  6i  nwl  and  in  the  presence  of  noise  alone, 
lene  rally,  these  are  not  rv*r.  thcu’h  the  scarce  of  noise  may 

be  known  and  the  nolee  nay,  at  the  source,  have  simple  and  well- 
known  statistical  properties  as  in  the  case  of  thermal  and  sr.otnoisej  , 
signal  and  noise  have  to  pass  through  intricate  devices  before  ob- 
servatior,  and  are  presented  to  the  observer  as  a  random  procea*  with 
statistical  properties  which  are  generally  rich  ~  ore  complicated 

than  tho  e  of  the  original  noise.  The  observed  output  at  any  time 
is  a  functional  of  signal  and  noise,  that  is  a  quantity  which  depends  — 
in  a  manner  determined  by  the  detection  d  evioe  —  on  the  values  a  susned 
by  sigrvil  and  noite  up  to  the  *  irae  of  observation. 

There  is  at  present  no  systematic  theory  cf  the  probability  dis¬ 
tribution  of  sue.  f  unot  ionale .  It  is  the  purj>ose  of  this  paper  to 
survey  methods  wrier,  :,ivp  led  to  results  in  :  one  cases  of  interest 
in  engineer ing  applications.  In  the  case  of  the  .uadratlc  detector, 
we  shall  give  a  fore  of  the  result  which  may  lend  itself  be*  t'-r  to 
actvuil  evaluation.  Finally,  we  will  present  an  approach  to  the  problem 
which  may  lead  to  a  more  systematic  treatment.  Our  presentation  will 
be  liaitei  to  the  case  of  noise  «lone,  but  usually  the  gene -all  rati  on 
to  noise  and  signal  ioes  not  lead  *o  a  «jch  more  difficult  problem 
if  the  case  of  noise  alone  has  been  solved. 

2.  k  linear  device  is  defined  as  a  device  which  responds  to 


Inj-Jt  v  stages  v^(t,,  v^t),  .  .  .  with  outputs  v^U,,  v^(t),  .  . 
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ln  such  a  way,  that  the  response  to  a  linear  combination  of  inputs 


▼^t) 


ak  Tlk(t; 


vith  constant  coefficients  a.  is  the  output 


▼^(t)  •  T2jc^^*  »  for  any  t&,  v^(t  -  tQ)  becomes 

^k” 

▼^(t  -  t^),  the  device  responds  to  a  sinusoidal  input  e*^  with  an  output 

T(h)e^"^  and  is,  therefore,  completely  descri  ed  by  tfivin^  the  function 
T (<b)  for  all  circular  frequencies/.'.  r\xr  survey  will  actually  be  limited 
to  passive  linear  devices  of  this  type,  but  many  of  tne  results  could  be 
easily  generalized.  Gin.-e  an  arbitrary  inf  ut  v,  \t,  csr.  be  written  au  a 
Fi-urler  integral  the  output  can  be  written  as 


i 2.1 J 

▼  2(t) 

.  i- 

2v 

f(b)  e1^  e"  Ut'  ▼1(t')  Jt'  d  b 

/ 

or,  after 

inte  ’T'Ui on  over 

a  b 

(2.2) 

,yt) 

/ 

'J< 

( t  -  t ' )  v^ ( t 1 )dt ' 

where 

(2.3) 

,<0 

•  ^ 

Y(  b)  e1  ‘  f  j  .) 

Gome  timer 

it  is  aS'*f 

ul  to  wri 

t e  (.’..')  with  a  'iian;e  of  v-.riahlos  a. 

(2.2') 

v2(t) 

3  ,( 

) 

T  '  /  A  »  '  •  T 

/  v^(t  -  ;C 

(3) 

I  nte.'ral  *»i 

T!S  wit  hi; 

a 

>» 

•  ’  .  imi  *  :  *  e 

-ou 


P-419 
1C -29-53 

— - 4— 


For  a  passive  linear  network  4(0  must  vanish  for  (  <  C,  i.e.  all  sin^u- 
1  ritiep  of  Y(^)  must  lie  in  the  upper  half  of  the  complex  plane.  We 
thus  have 

CD 

(2.2")  »2(t)  -  f  QC)  Tj(t  -  Ud  " 

t 

A  linear  network  is  thus  represer.te  :  by  linear  operator,  which  physically 
represents  the  response  of  the  network  to  a  unit  impulse  at  tire  zero. 
Defining  the  function  R(“)  by 

(2.3)  SO)  •  y  y(rx)  .(Tj  -  OdOj 

2 

on*1  can  write  Y(  )  in  the  form 

9° 

(P.4)  YM  2  *  e"  K'  R(  *)dr  *  2  j  'Oj  /P(*)dr 

o 

or  one  car.  write  p(’)  ir.  the  form 
(  2 .  )  R(f)  .  ^  j  e1  '  Y(  -)  | 


3 .  Wo 

T  ha  t  we  h  re 


3.1) 


will  now  a  sure  that  v^(t)  is  statistically  known, 
»;i  ver. 

x,  <  ▼-,  (t^)  <  ♦  dx^  ^ 

1 

x-  <  v  (t_)  <  x  ♦  dx_ 

\  i  2  2  2  i 


i  .e  . 


V*l»  V  *2*  V  *  ‘  *  V  VdXl  dx2 


x 

n 


<  v  (t  )  <  X 
In  n 


♦ 


Joint  prob 


P-419 

10-29-53 

-5- 


for  any  arbltr' ry  nua^er  of  arbitrary  tine  instants  t^.  We  vill  say 
that  ▼  ( t )  1b  stationary,  if  its  statistical  description  remains  unchanged, 
when  the  time  is  shifted,  i.e.  V  is  unchanged  if  all  t^ ' s  are  replaced 

by  tj  ♦  tQ.  The  general  problen  ia  to  find  the  corresponding  probability 
description  for  the  ojtput  v^it).  One  can  give  a  formal  solution  of  this 
problem  for  the  general  ’asn,  but  it  ia  of  no  practical  value,  since  in 
the  only  case  in  which  it  can  be  evaluated,  the  solution  can  be  obtained 
more  6imply  by  other  me<na. 

Some  statistical  properties  of  v^  are,  however,  easily  obtained. 


The  average  ^  v  ,  e.g.,  is  simply 


oo 


▼  C  -  T(C)t. 


1  I 

/ 

O 


The  covariance  of  v0  is  given  by 
(3.2) 


▼2(t)  v2(t  ♦  0)  ■  /  /  «  (  )  v:(t  -  v^t  ♦  G  -  ^2)d  ^ 


thus  for  processes  of  zero  mean,  the  normalize?  correlation  function  becomes 


(3.3)  p2(e) 


f Q ( r, )  ir2)  px(e  -  ^2  *  d'2 


,Rn  p2(^  -  e)d£ 


jkL\)  .(O,)  Pjlfj  -  C,)d  x  d  2  7r(7)  PlC)d 


where  R '  r)  1°  defined  by  (?."*)  and  p^  and  p„  are,  respectively, 


the 


TJ 


zo 

cor  re 

.  a ' 

r.  f  _nc  * 

lens  c  f 

rr 

je  t.  r 

.  z 

r. t  el  tier 

>i  I  r '  *  : .  e 

cly 

f or  t 

tie 

ensemble 

average 

-  1  • 


■  e  use  !  i  nt  er- 
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c  n  thus  be  interpreted  as  the  correlation  function  cf  the  output  In  the 
limit  of  infinitely  snort  correlation  ti»e  cf  the  input,  Fq  (3.1 )  can 
of  c  rrse  also  oe  obtai’-ed  from  the  relation  between  the  power  spectra 


G  (f)  and  G  (f)  rf  =• 

1  ^  i _ 

(  '.4)  G2(f) 


U> 


of  v. 


and 


*  T(2nf) 


"  Gx(f) 


re:  pecti vely, 


by  means  of  the  Wiener-K'nintchine  theorem 


(  1.5) 


f^(r)  -  f  e?TTifr  G1(f)df  / 

2  2 


Gx(f)df 

2 


(5) 


where  G^  and  G^  are  defined  for  ne^tlve  ar^ur'ent  by  G^  ( 

2 


-  D 


G1(f) 


bsir.r;  Fqs  (2.4)  and  (1.5)  we  ret 


1  3.6) 


P2(Oy 


I  o,(: 

i  2 


)df 


>ir  r 


T(2r»f)  Gx(f)df 


e2nifC  ^(fjdf  j  e~  2nifr"'  R(^)dtM 


R(  ^)  p1(r.,^)dt’  j  G1(f)df 


Usinf  this  ejuntior.,  with  l  *  o,  we  j^et 


(  J.7) 


G2(f)df  -  !  R(m)  px(7)d7  .  f G1(f)df  , 


since  p^io)  -  1  and  ^  is  »n  even  function  of  t.  F-q  (3.3)  then 

follows  fron  F  -jS  (1.6)  and  (3.7). 


c.f.  M. 

194^:  p  326. 


»'nq  atv  1.  F.  ’Jolenoeck,  Rev.  Mol.  F  s.  ]/7,  321, 
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In  principle  one  could  evaluate  sewn'  5  of  rultiple  products 


u75  !  !  !  7TTT  and  obt-  ln  at  leaet  th*  char a *teri stic  functi 

12  2  2  n 


on 


of  W  ror  v_ «  but  the  cor  rutatienn  1  aoor  involved  will  In  *er.eral  be 
n  2 

prohibitive.  Jpprcxima t i one  can  be  obtained  in  the  liritin-  c«?P3  of 
networks  whose  past  bar.  is  ar*  either  very  vice  or  very  narrow.  ne  then 
expects  that  the  probability  fun'tiors  of  t.ne  o  ;tput  can  oe  aprr  xirtat-d 
starting  with  the  probability  f 'unctions  of  ’he  input  in  the  •'irBt  case, 
and  with  laussian  functions  in  t.ne  second  case. 

The  pronien  of  finding  for  v^  »i^P  ifies  greatly  when  the  input 
is  jeusiian.  A  stationary  ~»°ussian  process  c*n  be  define  J  in  various 
ways,  which  are  all  equivalent.  «e  may  e.g.  give  the  c.n  racteris'ic 


f  unction 


(3.-') 


k  v(V 


2 


p(t  -  t  ) 

x  e  x  e 


Av 


2  2 

wner«  3  ■  v  and  pit)  is  the  normal.  correlation  function, 

natively  we  Key  state  trie  f  ra  ua  for  the  r  oner,  is  r  nroiucts: 


A1  ter- 


/ 


v(t, )  V ( t  J  .  .  .  V  t 

1  c  2n 


3.9) 


Av 


t-i  -  O  P(tk  - 


t  ) 

e 


•  •  • 


Jit  -  t . 


pairs 


v(t. )  v(t0)  .  .  .  v 

1  2  ?n  ♦  1 


C  , 


Av 


wr.ere  r.  is  a  positive  integer. 

A  linear  in/e  ;ra  i  fcr=  pt)  ▼(t)-’t  cf  a  s*«V.cr.*ry  la -s  i  n 
nisi  j."  fu.net  r.  v  t  )  r.r  •  a  lauafian  is’rdr  .’ion,  as  're  seer(  e.,’.  :y 
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corsiierin^  the  chfirrcterirtic  function 


iz  qlt;  v(t)dt 


Av 


r22-  ,  ,m  s  '  a 

1  q(t)  v(t/dt^ 


7  Bl 


0. 1C) 


\ 


ill 


•'  Yq(tk}  dtk'  ^Tv(V 


Av 


/  ^2v.  (  C 

HSti — y "'  ;  m>  dtM  i  p(t‘  ‘  V 

"TT  all 

pairs 

[’  / 

^  lituji} Loll  d^2'  ^^1  "  ^2^^!  dt2 


_tSft 


2nnl 


since  *  hr-  nur. 

HI-  of  VV.h  of  ; 

ivi  : 

in,; 

the  tire 

p>ii  r  is  (  2r.) 

1  7  2nn!  (There 

are 

( 2n) 

1  perir.:' 

the  ms  •  reT  f 

and  ni  perrutut 

ions 

or 

the  fact 

ir.tc  pairs.) 

thus  <et 

3.11) 


i  z  q  v  t )  v  ( t )  d 


.2  2 


Av 


w  i  t  h 


M2) 


ptj  q(t2)  p(t}  -  t2)dt1  rit2 


This  shew.  that  'he  firs'  Hstrl’ution  of  J \{x.  -  * )  v(f)d~  is  >.u?  i»n, 
2o  \c«  *  l  at  the  output  of  <■.  linear  device  ie  »  s'  sti  r.ary  Prussian 
fr  cess  if  the  irsut  is,  ve  those  specially  for  q(t)  the  function 
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(3  .n) 


i't; 


k 


-  t) 


an>i  obtain 


3.14) 


}  k  vV\ 


\ 

Av 


e 

\ 


lz  i(  v^(  r) 


Av 


\ 


U.  - 


k  /  k 


)  v,  Oi4/ 


V 


tv 


2  2 

*  1-  q 


where 


(3.1b)  R 


2  :  i 


'  4  4(tk  “ 


<  )  C» 

l'  'W 


,)  d  ”  P:( 


1  2 


K,t 


Usin^  i  ;  v  3 .  3 )  we  -»y  write  *  r  in  the  r orir 


(i.ia 


,9 


/.  J  ,  h  ,  *  t.y 

K  '  s  K  C 


with 


v?  nr,!  >:tiir. 


i 

/ 

b  e 


w v 


t  -  t 

k  '  ’  2  K  l 


*=  * 


Thin  ha  ’  .e  :  rn  f  ^  '  w.  ,  in-  re; ore ,  *  -i*  t:.e  .f 

lineai  ne*w  ric  f  r  •  .r>:i  :n  ir:  /  i  a  -air  m  ...c  •  i  r  rrc  :a  ? . 


f  ♦  ► 


p 


'  r  f 


1  p  • 


a  r-  i  e  f  i  ^  i  t  1  o  n 


ne  /  ui  .  i  a r.  ;  race:  ,  we  ca-  r  .•  •  e'i  J  i  r  •  * 
;  [  ‘ .  •' ,  !  1  lows  I'r  ;  ;  <.  *  . 


» 


t  t ,  ae  e  • : a  * 


p-u^ 
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C-ne  can  us<-.  >  :s  (  1.11)  an:  H.l.  )  al:  o  o:tMr  *  he  in*.  :is- 
•ributii-r  c f  th“  expansion  coefficients  cf  a  st  tiorv.ry  iuutrlan  function 
v  t)  i •  any  ort ho— norma  1  sys'^rr  of  functions  u  (t/t  e.’.  ir.  trigonometric 
functions.  Juppcsr,  for  instance,  ‘hat  u>  *)  "re  or f.o-nc rmal  In  (C,  T) 
ar.  i  write 


T 

A 

/ 


V  (  t  )  ur.  (  t )  '  t 


<*e  trier.  cr.^o  e  i  ( t ) 


u  t,  a:  •  „’pt 


(  J.H) 


with 


-  t2- 

- k— 2. 


i.V 


■i  i  t^  ; 


•i  W 


t,  - 


t  ^  i  ♦  «  ♦ 

V 


V 


<T" 

1 )  -  u  (t J  p(t,  -  t  )  it 

i  u  u  <  i  *r  i 


■V 

6 


^  :t:)  j,tx  -  t 


Ujit,  it 


OYr/  ^  J  n  '  ^  ^  ^  j  c  <  r  r  •  ,  ♦.  ,  i  ^  .  r ,,  _  4  ,  ,  ^  - 

. *  *•  .  ..4  4  vi  r  4  °  f  •  np  *o  ♦  o 


•  PC  i  a  :  :  y  i  rsr  >  re  :.t  if  „e 


'or  toe  ort*.  -ncrnvil  *~r  *  :,e 


:r1 


P  ♦  Va 


hp  i  r  *  *1  th  .  p  t  *  *  ;c*. 


(3.19) 


T 
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pl -  t2)  u ( t?)  dt^ 

o 


With  this  choice  we  have 


(3.20) 


2 

i 


i.e.  the  coefficients  become  independent  Gaussian  variables  with  mean 

?  2 

zero  and  mean  square  c  ■  o  X.  We  can  thus  construct  a  Gaussian 

V  V 

process  by  wr itinf 

r(t)  -  o  av,'f  Xv«v(t) 

where  the  a^  are  independent  Gaussian  variables  wi th  mean  zero  and  mean 

square  unitj/.^  White  noise,  i.e.  a  Gaussian  noise  with  infinitely 

short  correlation  time,  can  be  representec  in  any  orthogonal  system. 

T 

If  p(t)/  /p('~)  d.  approaches  6(t),  any  orthogonal  set  functions  u^it) 
b  7 

satisfies  the  integral  equation,  with  eigenvalues  Ay*  pit/  d',  so 

that  we  can  expand  white  noise  in  any  orthogonal  system  1  r.  tne  f  rm 
(3.21)  v(t)  -  D _ _  ayu^(t) 


where  the  coefficients  are  Independent  Gaussian  variables  of  mean 
zero  and  var i an  e  unity. 

Note  that  tne  co  effi ci  ents  would  not  have  becore  i:me;  endant  if 
we  had  expanded  Tit  in  a  Courier  ser  es .  For  sufficiently  lance  T, 
however,  the  correlation  between  the  coefficients  becores  very  small, 
so  that  we  can  write  the  Ga^sian  pr^c»sc  ever  a  large  time  interval 
as  a  fourier  ser  es  with  independent  Gaussian  variables  as  coefficient. 

[  61  Y~.  narKunen ,  Ann.  Ac  r'ci.  Kennicae,  AI ,  3  It ,  Helsinki,  iyli6. 

M.  F.ac  and  A.  J.  f.  riegert,  Ann.  Math.  5 tat.  18,  3  ,  19li7 

(7)  5.  .  hice,  cell  Tel.  ,T.  23,  2*2,  19UI  {  2£,  u6~19h5. 


P-ul9 

10-29-53 

-12- 


if  the  rco 

ts  are  t  :  s  ’  : 

rtj 

"T^A 

otA  er  way  f 

o  f  4 

t.ne  tele'll  i'  "envelope  :e 

tec  tor"  is 

ilj.l  ') 

v . 

t  - 

Y  v 

2  i)  ♦  v2  a 

2c  2s 

wt  ere  v 

2c 

t  an  ■  v„  1 

t0 

ar" 

bta 

•  cy  wr:  1  og  v^1  1  as  a 

reflated 

carri  er 

* 

■ 

sr  ♦ 

*  s. 

t'c 

C'6  u  t  ♦  v,  ,1  sir.  a.  1 
0  ..S  o 

an  !  where 

i  r  ;  r  ric  i :  a  1 

;  r  r : 

»■  T  a 

ar  ;  e  c.  os  e:.  su  as  to 

0 

nar  e  v  t ) 

2c 

a:,',  v  t 

2s 

e  _  i  w  .  y  vary 

.  »  r, 

►  *  * 

c  os 

•3  1  •,  c  nr.  are  :  wl  ir 

sir. 

a  t .  J  i : ,  c  e 
0 

1-  the  art 

11  a  ’  :  .os  the 

sec . 

it*  .  * 

1 1  ** r  .?  .ally  will  :/l  pass 

f re .er.c  1  os 

of  r  er  u.  ,  in*  \i  e  b*twe^r  ,„.l  ar.l  ]j .  1 '  1  is  uallv  irrelevant. 

c 

The  specular  of  v,  is  ootaired  by  the  metr.od  of  b.  0.  North  by 
computing  fiict  the  covariance  and  the  average  f  v;t 


u.  5) 


U.6) 


r-iii9 

_  10-C9-53 

▼ -j ( )  v^  ( t>2 )  -  VU^)  7(x^  t1}I2t2^  ixlJX2 

-  'rf(x)  V(x )  dx 


whsrs  is  the  second  Joint  probability  function  of  ▼  (t).  This 

yields  the  correlation  function  fro*  which  the  power  spectrum  can 

be  computed  by  means  of  the  wi  ene r-KXintch i n«  theorem. 

A  seijcr  problem  arise*  if  one  asks  for  the  probability  functions 

of  the  filtered  detector  output  y  (t) 

QC  CD 

(U.7)  t,  (t)  •  K(  ■)  T  (t  -  )  d  -  l  (  *)  V  ▼(t-’T)^d’ 

u  /  J  <- 

b  c 

Solutions  of  this  problem  havo  beer,  obtained  only  in  ver/  few  special 
caaee.  There  are  of  course  trivial  limiting  cases,  e.g.  if  V(x)  x 
there  ia  no  detector  and  the  two  filters  cat.  be  considered  as  one 
linear  device,  and  if  K(t)  degenerates  into  a  6-  function,  there  is 
no  second  filter.  Als  ,  if  the  bandwidth  of  the  second  filter  bocor.es 
very  small  v  tN  will  in  general  oecone  ianssian  again,  and  the  mean 

u 

and  standard  deviation  of  v,  are  usually  easily  obtained. 

^ t 

A  solution  for  Ue  special  case  V  x  •  xL  ,  v  'aussian  was  obtained 

5 ) 

by  M.  Ksr  and  the  autnor  ,  in  the  sense  that  the  character' sti  c  function 
of  the  prcoabil'tv  distribution  coul  •  be  -expressed  by  means  of  the 


solutions  of  a  certain,  not  too  for  mi  :anle ,  integral  equation. 

nmc  Xac  and  77  ; -gert,  r  hys .  nev.  7  j ,  ,  191.6  and  J. 

Applied  :"ny s.cs  3C3,  1S'u7  i  rhe  Latter  papor  treats  the  envelope  detector.) 

R.  C.  Emerson,  J.  Appl'  ea  :hysi  '8,  2[* ,  116  ,  1953 


The  special  case  Kvt)  ■  1  fjr  Oit^l,  zer'  otnei-wiof  ,  7(x)  ■  and  x(t)  ■ 

a 

r 

l{  t)  dt  where  J(t)  is  wh' te  nV.se  i.e.  x\t)  s  tr.e  rfiener  function  was 

6 

treated  by  •.  H.  baneror;  and  a.  T.  Martin,  7.  Math,  and  Physics,  23,  195, 


19U*. 
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Actually  the  preceding  conai  derations  already  lnjplied  a  solution 
of  a  still  more  specialized  problem  of  this  type,  namely  the  caaa 


a. 8) 


K(t) 


1  f  ar  t  -  T 

J  for  t  "T 


which  Is  the  case  'f  the  ideal  Integrator  circuit.  i'irce  we  had  the 
representation 

29. 

(u.°)  T0(t)  -  o  a  X  u  (t) 

A.  ' 


we  hare 


(L.10)  r^t  dt  -  o2  a4;  X, 

o 

with,  independent  normal  variables  a  .  Thus  the  character'  oti c  function 
becomes  » 


U.ll) 


,  2  2.  2  2.  2  /0 

1  o  a_  X,'  o  a^X  -  a  2 

e  •  e  da 

7T 


_  1 

-  1  -  2ioc>  X_ 

« 

The  same  result  la  retained  with  arbl  trary  weighting  function  K(t), 
if  the  numbers  X  are  defined  as  tr.e  eigenvalues  of  Lie  integral  equation 


a. 12)  u  ■  )  P  (r  -  rJ.  ir. ;  di;  -  x  ;  (t) 

i  i  .  i  i  »  » 

T!nis  can  t>e  snowr  py  using  the  concept  of  "white  noise"  or  --  if  one 
waits  to  avnd  Lie  represer.Lat:  >n  by  wt  1  i  te  noise  —  in  the  following 


wayt  The  detector  input  is  expanded  in  the  series 


P-ti  19 
13-2V-S3 

-15- 

(U.13)  t  (t  -  ' )  -  a  c  x  ;  1 t 

2  ■  , 

Since  the  process  is  s  i  a  t  i  o nary  the  statistical  properties  of  the 
variables  c,  ao  not  depend  on  t.  The  output  of  the  second  filter  is 

then 

( i* . Hi )  ▼  ( t  ^  -  aL  K(  0  c  o  XX  d  ’ 

U  P  *■  -  P 

*+  > 

The  functione  /  (  *)  are  orthogonal  wi th  weight  function  Kl1-),  arc  can 
be  normalized  so  that 

/ 

( U .15)  K(’)  ,  (‘);  C)d‘  -  6 

p  i . 

because  they  are  ei  genftmotlooe  of  the  integral  equation  u,.L2).  Thus 

we  have 

v,  ( t  -  o4-  X  c4- 

h  ‘  *■ 

The  statistical  pronert.es  of  the  variarles  c  must  now  e  chosen  such 

that  v^  t  is  auseiar.  with  near,  zer  ,  unit  standard  leviation  and 

correlation  function  p  If  we  choose  tne  variables  c  to  be  independent 

_  _2 

and  iauss  1  ar,  wi  th.  c  -  c  ■  i  we  have 

►  9  k 


( Li .  16)  t^(  H  '  T?  tn)  *  o"  c  c  ,  <.  t^ ) ;  v  t2  y  XX 

v 

2 

m  a  X  ,  vt^);  (tj 

The  s 'lie  or.  the  rig^t-ha n  s 1  ’e  must  oe  '".own  to  be  p  t,  -  t^, } .  Jne 
sees  this  cy  expanding  p*.  t,  -  t  as  a  f  jrseti  r.  of  t  ir.  the  rtb<  go.nal 


s  th  tar  t  t : 
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.1.17)  p(t^  -  t2)  -  N  g  ( ^ )  -16- 


To  determine  the  ooef  f  icl  er.te  g  (t^)  we  multiply  both  aldee  by  I(  t2  )h^(  t2 ) 
and  integrate  over 


U.18) 


*U2) 


,(tl  - 


t2) 


1  (t,)dt,  - 

1  n  <:  £ 


i(  (t^) 


KltJf 

2  M- 


w2 


(Vdt2 


Using  (u.l5)  or.  the  r.h.s.,  and  Ui.12)  on  the  l.h.s.  we  get 


(u.19)  WV  "  vV* 

•ie  thus  hare  from  ( 1^.16) 

(-..20)  T2^tl^  V2^2^  “  °2p^ti  “ 

In  alternative  derivation  .s  obtained  oy  writing  v 2  as  filtered 
white  odae.  One  then  has 

/ 

(a. 21)  T2(t  -  *)  -  1  ;(e  -  ')  Y^(t  -  9)d8 

And 

f 

(1.22)  v^  -  K(  )d  *■  Q( 9^  -  )  ;(02  -  ')  ▼1(t  -  91)  ▼1(t  -  “^2^1  d92 


The  white  noise  Is  expanded  in  tern*  of  a  set  of  functions  which 
are  chosen  tc  oe  the  ei  genfuncti  ona  of  the  integral  equation 

i  ..13)  X  u  (e^)  -  Ve}>  e2^  U  ^2^d°2 

wi  th 

(h.?.  /A  (0lf  ej  -  K(2)  Q^91  -  r)  Q[*2  -  ')d'. 
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Substituting  the  arpanalon 

(1.25)  v^t  -  -  D/  a^  u^e^) 

above  and  using  the  integral  equation  yi  elds 

U.26)  VU  “  D1  a*V 

V 

The  integral  equation  can  be  brought  into  the  previous  for™  by 
integrating  after  multiplication  with  “  ®^)»  *nd  aubetituting 

(a. 27)  ,t(\)  -  h(91  -  \)  n  (01)d01 

We  then  hare 

(li.20)  j  Q(0a  -  \)  jl{')  .(91  -  •)  g(e2  -1  u^92)d'vde2  d@i 

/ 

-  /  KO  Q(ex  -  1)  Q(e1  -  *)d0^  (  *)d 

The  integral  in  parenthesis  is  obtained  by  expressing  v^lt^) 

two  ways : 

(U.29)  ▼2(t1)  t?(  t^ )  -  a2pU^  -  t?)  •  D2  Q(t^  -  0)  C(t?  -  0)<i0 

The  latter  follows  from  d.,21  am:  1.25)  .  It  follows  that  D^X  ,  - 
and  we  have  the  former  result. 

To  find  the  characteristic  function  of  the  probability  distribution 
of  the  output  for  a  network  co:j istirg  of  a  quuiratic  detector  thus 
requiree  the  solution  cf  a  homogeneous  integral  equation  and  the  evalua¬ 
tion  of  an  infinite  product.  Fortunately  both  problems  are  not  q'uite  as 


firxiuanie  aa  they  appear 
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The  infinite  prexiuct  is  a  Fradholm  determinant  and  can  be  evaluated 

in  terms  of  the  solution  of  an  inhomogeneous  integral  equation  closely 

( 10) 

related  to  the  homogeneous  integral  equation'  .  For  completeness  we 
will  give  here  a  heuristic  derivation  in  the  notation  suitable  for  our 
purpose*.  me  note  first 


a. 30) 


i  • 


-1«  (1  -  2i  X 


\  -  1/2  _V  \v 

)  >  T-r  .ATr 


which  can  be  written  as 


(5.31) 

si _ _ 

we  will  show  that  the  kernel 


1  K  /  n,w  «nd 


n('V  ‘2,1)5  rronrd’ i);dV 

- T  ^ 

¥ 

la  essentially  the  Volterra  reciprocal  function  of  our  kernel  K(D  p(T^  - 

If  'f.  {  ’)  and  X  are  ite  eigenvaluea  and  eigenfunctions . 

To  see  this  one  uses  the  original  Integral  equation  to  evaluate  the 

\ 

expression 


(u.33) 


0(\  "2 1  ‘ )  -  21‘  j  K(\)  f>(  \  -  n  Q(\,  \>t')d  \ 


and  one  ubtu*  rtfl 


(L. 31) 


nrv 


/(')  A\)  -  2i  x  >  (<’)/(  ) 


2'  I 


)  *.  i  2)  -  p(-’  -  /2) 


*  ■  anc  Wataon ,  f  Cambridge  Jaiversity 

press,  1913,  sec  11.21  examples  1,  l  and  syc  11.22. 


-u!N 

1  “u  v-‘j) 

<_ 


The  function  0\.\,  )  is  tnus  the  solution  of  the  ..rib  nvpoi.eous 

integral  equation 


U.J5) 


,  » 
J  »  2  * 


-:>1  K'  V  01  i 


■'  2i  j 


ano  the  infi’Vte  pr  :n  t  can  oe  written  as 


i.X>) 


1  -  21  X  ' 


jz  i  dr)  n‘  ,  ;  r  )  r. 


3  i  r.re 


.37) 


i. 

T 


1«  ,1  -  31 


\  -  iA- 


or.,  j 


ano ,  therefore 


.)c) 


cl  X 


-  1/2  .  , 


cr  *  ,  t  r 


>a 


Instead  of  solving  tne  f  p-rtv'ns  integral  equation  an  :  ^vil  lairf; 
the  lnfin'te  oroduct  one  car.  th us  solve  the  i nhein.  :.e  ^  .  ntegral 
equation  ...35  an.  oval  .at*  tr.e  u<.  .:>>  :  •  tegrul 

If  the  first  :  '.Iter  .  s  of  a  1  uTipe  .  o.rcrt  :.«>tw  r  an  tn.e  t  :s 

white  n^ise  the  :-*erra.  .a*  •  r»*  .  »■?  t  a  .1  YYere-.t:  «u  «*;.ail 

show  tr : : a  w->  n  >*e  u.at 


. .  3  ’ ) 


t  -  lA  Y.ui)2  e1^1  Jk. 


whore  v  r  Is  the  r“«r>  :.se  functl  o>  f  tr.o  f  :  r .  the  ri  rst 

2 

filter  .  s  a  If  »  :  r:u  t  rr.  Y  ^  »  an  ~o  wr.f>  as  •  •  .  t:  * 

cf  two  no  Inti  -  '  <d.  s  ^  m*:  vjd 


.  U> 


where,  in  or  er  f  r  the  prob.eT  t  -*  ^a  : £ful  .  <*.  '  mu*  t 


if 


r  > 


V 


lover  degree  than  r^(as).  We  r  for®  the  operators  P^i  -  1^ 
P^(  -  i^)  by  subetltutinf  (  -  i^)  far  ®  in  the  polynomials . 
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)  and 


ther.  get 


(L.lil) 


p2(  '  i3T 


) 


- - «  p(t)  -  1/2 


V  -  i 


) 


y (  ,  2  r2V{c;  lot  , 
Y(<c)  e  * 


■  1/2  ^  w  ft(t) 

Fhe  integral  equation  thus  reduces  to 


(I.U2) 


PA  -  l 


p 


V  -  i§c) 


'  r 

u 


/,  %,')  -  21  HKD  0^,  ,r)  -  v6(0-  \) 


and  further  to  the  ci  ff*  rent!  al  eqnat 


un 


(L.3) 

V 


iT'  }  J( 


r)  -  21  Px(  -  i^J  K(  )  G(  ,  *2J 


Px(  -  ifO  6( 


Tills  ."vans  that  one  has  to  find  two  solutions  of  the  linear  differential 
equation 

U«u2)  IP.,  -  21P.K)  0-0 


vail  :  for  ^  2  and  ol  respectively  and  natch  tnese  solution®  at 
* m  '  such  that  the  s  ngularitv  on  the  r.h.s.  Is  octal  ned. 


!?,  The  preceding  necti  has  oeer.  airiest  exclusively  cevoted  to 
the  evaluation  of  the  cnaracteris  ti  r  function  of  the  pr  oability  di^trl- 

<X' 

/  o 

butior.  of  I  K(t)  x^vtlat,  with  xl  t  lacssian,  because  this  is  the  only 

/ 

case  -hi  h  hae  been  solved  for  arb  trary  K(t',  arv:  correlation  function. 
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One  cut  involving  a  linear  detector  haa  been  solved  oy  M.  Kac 


(n; 


who  calculated  the  characteristic  function  for  the  probability  iistrl- 


bution  of 


;  (  Od  |dt  where  /(,')  is  wh :  te  noise. 


Closely  related  to  the  problems  corsi  .ered  here  are  the  probuemB  of 


fi  ndirg  the  probability  distribution  of  tne  first  passage  time,  maximum 


and  range  of  a  random  function 


(12) 


.  For  instance,  the  prooa:  ility  that 


x(  t )  remains  emailer  than  or  equal  to  a  chosen  val..e  b  in  the  time 

t  / 

interval  (0,’)  is  the  probaiility  that  V'x(t)  dt  •  ,  with 


o 

V(x)  •  0  for  x  b  and  V(x)  •  1  for  x  b,  since  wiu.  tnis  c.toice  of 

t 

7(x)  the  integral  /  V  x(t)  c:t  is  the  total  time  during  which  x(t,>  b. 

o 

FVoblem  of  this  type  have  been  solved  in  special  cases.  The  com.-  >r. 
feature  of  these  special  cases  whi  ch  ra:«  the  solution  possible  is  tnat 
these  are  cases  with  Markoffian  x(t).  In  the  engineer::^  jr^blene  under 
consideration  here  x(t)  will  not  in  general  be  Markoff:  an  but  will  often 
be  a  component  of  a  vector  function  wr.icb  is  Markoffian  A"''. 


(pi 

'  M.  Kac ,  Trans.  Am.  hath.  Soc.  59 ,  ull,  1  [h.b 

(12)  r.  brdbe  and  H.  Kac,  dull .  Am.  Math.  coc.  52,  2 '-’2 ,  lru6 

A.  J.  F.  liegert,  ’hys .  Hev.  ^1,  tl7,  lQ5l  and  papers  quoted  there. 

W.  Feller,  Ann.  Math.  5 tat.  22,  u27,  l°5l 

D.  A.  Darling  and  A.  J.  F.  jT^gert,  FAN1  .--21?  devised  and  Ann.  Hath.  ""tat. 

cin  preas) 

(13)  M.  C.  eang  ann  1.  F.  "hlenbeck,  ref  5  section  )a  An  example 
(output  of  n ,  L,  C  circuit  with  white  noise  input)  is  treated  in  ietail 

in  section  10  of  ref. 
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We  will  now  snow  how  the  general  pro b Ians  of  firming  the  character! a  tic 
oo 

function  of  k(t)  V  nc(t)jdt  reduces  to  the  problem  of  solving  an  integral 

o  ' 

equation  if  x(t)  la  the  projection  of  a  multidiinana  ional  Mar*offian  process, 
and  how,  in  certain  cases  of  interest,  the  integral  equation  can  be  farther 
reduced  to  a  partial  differential  equation^^^.  We  aesujne  thet  x(t)  ia 
a  component  of  a  stationary  1'J  ,  eonti  r.ucus  »-dinersi  onal  Markofflan 
process,  l.e.  that  z(t)  is  either  Markofflan  itaeLf  or  that  there  are 
i*-one  functions  r'^'(t),  r^£/  t),  .  .  rv*  ±\t)  such  that  the  rector 
process  xvt),  r  x\t),  .  »  .,  r  *  ^;(t)  la  Markofflan.  Ws  will  writs 

tha  following  equations  for  the  two  dimenaio.-el  process  o.vly  but  they  can 
be  immediately  general i 7 ea . 

We  use  the  notation 


U) 


x^x(t)vx  ♦  dx 

Joint  pi' ob  •  W(x,  r)dx  dr 

r  s  r(  t )  >  r  ♦  dr 


and 

(5.2) 

conditional  orob 


♦-> 

K 

K 

x  ♦  dx 

x(t  ) 

if  ° 

V  V  t)  • 

r  ♦  ar 

c 

> 

-r’xr  x ,  v  t  -  t  )dx  dr 

o  ’  o  n 


In  orner  to  obtain  the  . -sirec  charac  eri  a  tic  function 

<r 


/;.3) 


;  (*)  •  v  expi  -  z  K(  ’}  V  x(  ')  d  ‘) 


It 


‘  - - - 

A.  J.  ?.  Siegert,  Two  Integral  Equations  fur  the  Characteristic 
Function?  of  Certain  Fur.  tie-  aln  of  Multi  oimena  i  or.al  Maiuoffian  Processes 
(Mimeographed) . 

D.  A.  Darl:r.g  and  A.  J.  F,  oirgert,  F.ASU  deport  P-lu'9. 


(15) 


The  assumpti  •>!.  of  stati  nariiy  could  he  easily  eliminated. 


10-27-S3  * 
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we  will  first  consider  the  function 

#  * 


t 

f 


\ 


x,  ▼{  t)  ■  <  up  -  t  K(T)Vi(Ojd’.cr^x-x(t)  a  v  -  vit)  x^, 

t>  Ay 


x  x  ,  ▼ 

o*  o 


where (  x  denotes  the  con  lit',  onal  average  taker,  with  the  restriction 

Av 

x(o)  •  x  ,  y(o)  •  v  .  We  now  obtain  an  integral  actuation  far  h  by  Ir.ter- 
o  o 

pretiiig  |x(0,  y(  f )  •  as  the  patn  of  a  particle  wMoh  at  ti  me  ’  ■  0  ia  located 

at  x  .  y  ami  is  at  that  tin*  white,  and  wh  icf  moves  in  a  medium  will  ch  can 

o  ’ 

maxe  it  black.  The  axpreaaion  i  K  t)  Ax,  it  is  for  the  pre«r>nt  assumed 

(.  16 ) 

non-negative'  end  ie  interpreted  as  the  orobaM  lity  that  the  particle 

become*  black  in  the  time  Interval  >t,  t  ♦  dt),  if  it  is  located  at 


x.  v 


i  (17) 


.  The  probability  of  blanker,  r.g  i  r.  tie  tine  1 nterval  (o,  t 


if  the  particle  jnrvea  on  a  fixed  rath  •  x{{\  v(  0  is  then  givon  by 


-  1  /  k(T)  V  x(T)  d 


.  The  expression  :  (x  ,  v  x ,  v,  t ,  ±x  dv  is  ,  therefore. 

i  3'  o  ’  ' 


the  probability  that  the  particle  is  found  at  time  t  in  the  rectangle 
|x,  x  ♦  ix  j  v,  v  ♦  cv  *•  and  ia  still  wr  ite,  if  it  started  at  7  ■  0 
white  at  x  ,  Y  .  An  .  nt^gra^  equation  for  r.  is  ob tai ned  i-v  writing 
the  pre  '-ability  Ux  ,,  y  x,  v  i  t  rix  iv  ttmt  the  ^^artic.e  is  at  t  in  the 
rectangle  i  x,  x  ♦  dx  j  v,  v  ♦  Jv  as  the  sum  of  Lne  probability  that  the 
particle  is  still  white,  and  preoaoi  Id  ty  t;  at  't  is  black.  Hie  latter 
pi'  babiiAty  is  the  probabi  li  ty  that  it  was  blackened  at  sor»  intermediate 
tiee  t1  wh.il e  i:.  t.he  rec tangle  <x  ' ,  x 1  ♦  dx  1  ;  v’,  ▼'  ♦  uv'^aod  then 


- ry-ry - — 

This  assumption  can  he  el:xi  r.ated  by  a  more  formal  lerivation 
of  the  resuxte . 

i  17)  we  could  have  worked  wifi  the  more  ger.eran  expression  $ix ,  v,  t) 
instead  of  the  special  form,  k  t  V  x  . 
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K 


moved  black  to  be  at  t  in  ■  x,  x  ♦ 


dxj  ♦ 


We  thus  have 


(5.6) 


x,  ▼}  t) 


I 


t 

v  i  K( t' )dt' /  R(x  t  'x',  v'j  t‘ )  V(x')  P(x ' ,  x,  ▼  ,  t-  t '  )<fx '  dr’ 
I  1  0  0 

6 

Thia  la  to  be  corxanar#o  a a  an  integral  aquation  for  n(xfl>  x ,  vj  t) 
in  the  variables  x ,  v,  t,  v.pra  x^  and  ▼  enter  ^r.ly  as  fixed  paranetartt. 

S'.nce  we-  ara  :,terp§ted  only  in 


(5.7)  /  (i)  -  U*  w'xc»  VQ)  k(*0  v0  x*  T»  t^dx0  <**<,<**  dT 


w«  an  eliminate  the  p«  a*  .meters  and  by  multiply'. ag  ooth  nidee  of 


equati  on  t  rv  «  x  , 
o 

v  )vix  dv 

O  O  0 

an!  i  rite 

pr  ttlrg 

over  x  ,  ▼  , 

o  *  o* 

ob ♦lining  thus 

(5.°) 

*  X,  r)  - 

R(x,  v; 

t) 

t 

♦  t  K(  t '  )ut ' 

H(x ' ,  ▼  '  ;  t 

•)  V(x') 

r(*\ 

▼'  X,  T,  t  - 

t' )dx '  da ' 

b 

wi  th  n  ( x  ,  r  j  t  >  - 

M'V  To' 

MI  V 

0  0 

x,  ▼ ) 

t;dx  ut 

0  0 

If  P  satisfies  a  r'okkar  i^lan^k  ecuation 

(5.9)  LP  -  -r 

dt 

with  initial  condition 


(5.10) 


Kx  ,  T  X,  V,  0)  -  6(x  -  X  )  6(t  -  t  )  , 

O  O  0  o 


where  L  ia  a  differential  operator  acting  on  x  aiid  v,  tne  integral 
aquation  raducea  to  a  partial  differential  aquation,  since  we  gat  by 
operating  wi  th  L  -  on  Eq  (5.6)t 
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(5.11)  0  ■  L  -  H(xq,  To  x,  v,  t 

-  zK(t)  /  H(xqI  rQ  *'>  ▼')  v(*'  Hx',  v'  x»  T*  o)dx*  dr' 
or 

(5.12)  ■  L  -  zK^t)  \\x)  -  h(,x  ,  r  xt  ▼.  t)  •  0 

*t  o  o 

For  H(x,  t  |  t)  or.*  obtains  the  sam*  differential  equation.  The  Initial 
mdition.*  are  obtained  froc  the  i r.tegral  eauati  rid  as 

s.  5.3-3)  n(x  ,  ▼  x,  rj  w)  •  6[  x  -  x  )  6[w  -  r  , 

O  0  0  0 

and 

l5.1d)  n  i,  ▼,  0 >  -  W(x,  t)  , 

respectively. 

If  x  t)  ie  itself  -arkoff  :ar. .  tne  varianles  v  and  ▼  do  not  occur 

c 

anti  the  operator  ~  per  a  tea  on  x  only,  otherwise  the  ration  la 
unchanged.  For  tne  epcC.a^  ewe  f  tr.r  niener  pr  )ceas  m  one  .ijaenslon, 
and  rf-i  *_  K,t  •  I  for  1  t  ^  1,  iaru  otnerwu**  a  c.fierert  ier:  valloa 
of  equation*  correspond : iwj  tc  v  '.t  son.  was  ^1  ran  by  M.  Kac 

We  do  net  r.r.ow  as  yet  whether  the  above  consi  ’erat  -.on*  v!  li  help  to 
in  rease  appreciably  the  number  of  an*‘s  f  ;  whicn  ai.  exact  solution 
of  cor  pr  u-oj  is  .  •  us.t  le.  tviy:  ,  f  tr, .  a  .*  not  the  ca*«j  we  cell  eve 
that  It  in  d»e>  i  r  i‘ ■  t  u  »v»  o:.<  .• .« t  >.  t<-  »r  ve  u.»-  few  existing 

solution*  which  at  th*  present  seen  tc  run:  re  a  special  method  for 
each  case. 

For  practi  al  purposes  It  nuv  d--  jf  4  ntereot  to  cor.si  er  the  f  '^ral 

* — run - ; — 

M.  Kac,  .'hoc.  of  the  fecund  .\erkeley  Sywpoei  xar.  or  Math.  rtetu 
and  T^b . ,  1^51,  '  .  of  'nldfom.a  ‘Yens,  p  lLd-2l5. 

Cloe*ly  related  1*  th*  Kramer*  equation,  H.  A.  Kramers,  ;’hyslca  7,  t. ,  1,< 
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equation 

I  I 

(5a5)  K0(xo  T0  X»  T'  t}  •  H(V  T0  X»  T'  t} 

} 

♦  z  dt '  H\x  ▼  X',  t')  '  K(t')  Vu';  -  K  ft')  V  (x'}  * 

o  o  '  L  0  o 

6 

h  ( x  '  ▼  '  x  .  v .  t  -  t '  dx  1  dv ' 

0  * 

which  relates  the  solution  h(x  .  v  I  x.  v,  t,  if  ',5.6)  to  the  solution 

O  0 

.  0^xq,  (x,  t,  t'  of  the  integral  equation  obtained  froe  t  5.6)  by 

replacing  f  ( t 1  V  x')  by  Kq  t')  7^(x ' ) .  Thia  integral  equati  on  can  be 
obtained  by  an  argiunent  quite  aiBilar  to  the  one  used  to  obtain  5.6) 
but  involving  a  mixture  of  two  blackening  media,  with  blackening 
probability  zX  t;  V  x  dt  and  z  K(t)  7(x)  -  K  (t)  V  ''x)  dt.  reapecti valy . 
h  anu  are  1-  terpreted  respectively  as  the  prebabi  11  ti ea  of  finding 
the  parti  cle  at  t  in  x,  x  ♦  ctx ;  v,  v  ♦  dv  in  the  presence  of  both 
media  ard  in  the  proaer.ee  of  the  first  nediu*  alone.  If  v^  x,  v,  t) 

is  nr.ovn,  5,ih  can  be  used  --  by  sjceesrive  approximations  —  to  obtain 
appraximi' i  c- s  for  .  xqIi  t  I  x,  v,  t  for  casee  in  which  |K(t)  V(x)  - 

Y.  t  V  x)  in  suffi  c  ently  snail.  We  thus  have  a  perturbation  method 

o  o  _ 

wh*  h  enables  us  to  ^  tai  r.  e  p  tho  effe<p  of  .eviatione  from  the  quadratic 
ietecter  law  on  *  nn  pr~oabi  ity  distribution  cf  the  n-Mse  output  by  successive 


ap;c'fTxi  nati  o:  j  . 


